map for universal enveloping algebras of solvable Lie algebras was shown in 1970 by Berline and Duflo, [5] , while it took until 1991 to obtain its openness, Mathieu, [15] .
In this paper we study more general``diamond groups'' S n N by assuming only that S is a second countable locally compact abelian group acting on the Heisenberg group N as above. Even more general we consider covariance algebras C Ã SY C Ã N bY T where b is a commutative C Ã algebra, and S acts diagonally on C Ã N b, on C Ã N as before and arbitrarily on b. For such algebras we determine the topological space riv C Ã SY C Ã N bY T . As consequences we get another proof of Ludwig's result for the original case and furthermore that the above mentioned bijection is in general not continuous.
The case b C and S maximal anisotropic torus in the appropriate symplectic group plays a crucial role in our approach. In this case, which is treated in the second section, we determine the dual topology by an explicit computation of matrix coefficients. The case of more general diamond groups is reduced to this particular one by means of Takai duality. In this reduction commutative (group) C Ã -algebras b enter the scene naturallym ainly for that reason we study the general setting described in the last paragraph. This material forms the content of the third section, which is the main body of this article.
In the fourth section we return to groups and discuss some special cases. One of the examples leads to the disappointing conclusion that a natural guess for the topology on the set of the Pukanszky parameters indeed makes the Pukanszky^Kirillov map from the parameter set into the dual space discontinuous. The article is finished by posing a problem on the duals of a class of relatively concrete C Ã^a lgebras, which in my opinion should be solved before turning to general solvable Lie groups.
x 1. Notations, Coadjoint Orbits, Metabelian Groups
In this first section we fix some notations for the whole article and provide some information on coadjoint orbits for diamond groups.
Let n be the Heisenberg algebra in dimension 2n 1. In this article we shall work with the``complex'' picture, i.e., n is the real vector space C n Â R with bracket 
for A P s and zY t P n. (ii) For each sequence y k in Y converging to y and each x P X with px y there exists a sequence x k in X such that px k y k and x k converges to x.
(iii) For each sequence y k in Y converging to y there exists a subsequence y k , an x P X with px y, and a sequence x in X such that px y k , and x converges to x.
Under these circumstances the equivalence relation $ on X defined by p, i.e., x $ x H if px px H , is open, and Y is homeomorphic to the quotient space X a $.
Before turning to coadjoint orbits for diamond groups we consider semidirect products of connected abelian Lie groups, more general than those appearing as quotients of diamond groups modulo the center ZN of N. Definition 1.10. Let Q be a connected Lie group with Lie algebra q. A real linear functional f on Q is called integrable if there exists a (unique) unitary character 1 f on the connected component Q f 0 of the stabilizer of f in Q (w.r.t. the coadjoint action) such that 1 f exp X e i f X for X in q f 124 detlev poguntke
Lie algebra of Q f . The collection of all integrable functionals is denoted by q int . Suppose now in addition that Q is a semidirect product S n M of abelian groups S and M where M is simply connected, i.e., S is isomorphic to R a Â T b and M is isomorpic to R d for some aY bY d. An f P q Ã int is called aligned if f kerexp j s & 2%Z, s Lie S, i.e., there is a unitary character ' f on S with differential f j s With each Q S n M as above we associate several topological spaces. First we introduce two equivalence relations $ and $ M on the topological product S Â M of the Pontrjagin duals by
if the closures of S" and S"
H coincide (clearly s P S acts on " P M by s"x "s À1 xs and if ' ' H on the stabilizer S " S " H , and by
H and ' ' H on S " ; both relations are open equivalence relations, compare [17] .
Secondly we consider the set of all pairs f Y 5, where f P q Ã int and 5 P Q f is an extension of the above character 1 f on Q f 0 . The notion of alignment is extended to :
(1.13) An element f Y 5 P is called aligned if f is aligned and if the above character ' f on S satisfies ' f j S f 5j S f .
We introduce a topology on , not Hausdorff in general, as follows, compare [17, 19] . For each open subset B of the vector space q Ã and each finite collection e of pairs KY V where K is a compact subset of Q and V is an open subset of the torus T let W BY e be the set of all pairs f Y 5 in such that f P B and 5K Q f & V for all KY V P e. Those sets W BY e form the basis of a topology on . Arguing as in [17, Theorem 2.5] one easily sees:
(1.14) A sequence f k Y 5 k in converges to f Y 5 if and only if f k converges to f in q Ã and if for each subsequence f k Y 5 k and each convergent sequence q in Q with q P Q f k one has
It is routine to check that Q acts continuously on by qf Y 5 f H Y 5 H where f H ed Ã qf and 5 H x 5q À1 xq for x P Q f H qQ f q À1 . Our next lemma says among others that there is a canonical homeomorphism from the quotient space S Â M a $ onto the space aQ of Qquasi-orbits in . Lemma 1.15. Let Q S n M, , $ and $ M as above.
(i) For any f P q Ã one has Q f S f n M f , Q g S g n M, and S f S g where g X f j m , m Lie algebra of M; the stabilizer M f is connected. Moreover, S qf S f for all q P Q where qf ed Ã qf . This does not mean that S f is normal because S qf S Q qf S qQ f q À1 is in general different from qS f q À1 . But all stabilizer groups Q f are invariant under conjugation with elements in M.
(ii) For all f P q Ã one has Mf Q g f f qas f m Ã where g f j m and s f vie S f fA P sjf AY q 0g.
(iii) For each f P q Ã int the character 1 f on Q f 0 can be extended to a continuous unitary character on Q f , it can even be extended to Q g . The equation xf Y 5 Ad Ã xf Y 5 holds true for all f Y 5 P and all x P M.
, and 5sx 's"x for s P S f , x P M f is continuous; the image of J consists of aligned elements in .
(v) The M-orbits in are closed. The composition p of J and the quotient map 3 aM is surjective and open, the equivalence relation defined by p is just $ M . Therefore, J induces a homeomorphism from S Â M a $ M onto the orbit space aM. The inverse of this homeomorphism is obtained as follows. If f Y 5 P is given define " P M by "exp X e if X , choose any ' P S with 'j S f 5j S f and associate with f Y 5 the $ M equivalence class through 'Y "; this map yields the desired inverse.
(vi) The map J induces a homeomorphism from S Â M a $ onto aQ.
Remark 1.16. Suppose that all stabilizers Q f , f P q Ã int , are connected as it happens for instance in the case of the full diamond group, i.e., Q GaZN U n NaZN. Then the second component of an element f Y 5 P is completely determined by the first one, and aQ is canonically homeomorphic to the quasi-orbit space q Ã int aQ. More generally, by forgetting the second component 5 the map J gives a map from S Â M into q Ã int , which followed by the projection onto the quasi-orbit space q
Proof. Evidently, M is contained in Q g which implies Q g S g n M. Together with the obvious equation S g S f this gives Q f S f n M f . Concerning the connectivity of M f one observes that any x 0 P M can uniquely be written as x 0 exp X 0 , X 0 P m, and that ed Ã x 0 f A X f A X f AY X 0 for all A P s and X P m or, in other letters, ed Ã x 0 f f ad Ã X 0 f . As all Q g are normal (and coabelian) one has S qg S Q qg S qQ g q À1 S Q g S g for all q P Q, and therefore S qf S f . If x P M then xQ f x À1 Q xf S xf n M xf as we have seen already. But S xf S f and M xf M f as M is abelian.
Concerning (ii) we recall the well-known relation Q g 0 f f qam q f Ã , which holds true in much more general circumstances. By (i) one has Q g 0 f Q g f Mf and m q f m s f . To construct the asserted extension in (iii) choose ' P S f with 'j S f 0 1 f j S f 0 and define X S f n M 3 T by s exp X 'se i f X for s P S f and X P m. It is easy to check that is a homomorphism. Also the second assertion in (iii) is easy as well as claim (iv). To see that M-orbits in are closed, in view of (iii) it is sufficient to show that M-orbits in q Ã int are closed which readily follows from the structure of ed Ã x 0 , x 0 P M, given above; in fact ed Ã Mf is an affine subspace. Most of the rest of (v) follows easily from (ii) and (iii), the only less obvious point is the openness of p. To this end, let f k Y 5 k be a convergent sequence in with limit f Y 5. W.l.o.g. we may assume that f Y 5 is aligned, i.e.,
. In view of (1.9) it suffices to show that there exists a subsequence f k j Y 5 k j and a convergent sequence
Consider the stabilizers S k X S f k of f k in S as a sequence in AES, which denotes the compact space of closed subgroups of S, compare [7, 8, 17] . Passing to a subsequence if necessary we may assume w.l.o.g. that S k converges to the closed subgroup S H of S which by the continuity of the S-action has to be contained in S f . Apply [17, Remark 2.6 ] to the sequence S k Y 5 k j S k in the space of all pairs fHY 1jH P AES Y 1 P H g. This sequence converges to S H Y 5j S H . To the above extension ' P S of 5j S H there exist a subsequence S k j Y 5 k j j S k j and extensions ' j P S of 5 k j j S k j which converge to '.
Clearly, " j is defined by " j exp X e i f k j X for X P m. Then ' j Y " j converges to 'Y " because f k j j m converges to f j m , and J' j Y " j P Mf k j Y 5 k j as desired. Claim (vi) is an easy consequence of (v). The first part of the remark follows immediately from the description of the stabilizers Q f given in (i), which implies that in case of connected stabilizers already the spaces and q Ã int are homeomorphic. For the second part observe that the canonical map 3 q Ã int , which is surjective by (iii), is also open, which can be proved by similar arguments as in the proof of (v), namely exploiting [17, Remark 2.6]. Remark 1.17. The set of Q-quasi-orbits in can be used to parametrize the set of primitive ideals in C Ã Q. This is a special case of a much more general theorem, see [19] , mentioned in the introduction. On the other hand the space riv C Ã Q is homeomorphic to S Â M a $ see [17] or [22] . Thus the above lemma says among others that indeed riv C Ã Q is homeomorphic to the Q-quasi-orbit space aQ. The only (evident) thing to be added is that the two different parametrizations fit together by means of the above induced map S Â M a $3 aQ.
In the next proposition we consider the space of quasi-orbits on the linear dual of a``diamond algebra'' s n n. The linear functionals on s n n decompose into two classes, those which are zero on zn (= center of n) and which were considered in Lemma 1.15, and the rest. The quasi-orbits in the rest can also be easily parametrized, and we describe the topology in terms of the parameters. Proposition 1.18. Let S n N be a diamond group, S connected Lie, with Lie algebra s n n. Denoting by R Â the set of non-zero real numbers the set of S n N-quasi-orbits in s n n 
Transferring the topology on s n n Ã int aS n N yields a topology on S Â NaZN a $ c S Â R Â which has the following properties: (i) The subset S Â NaZN a $ c is closed and carries the quotient topology.
(ii) The subset S Â R Â is open and carries the product topology. 
In the special case of the full diamond group G U n N the convergence criterion simplifies as follows:
The sequence ' k Y ! k converges to 'Y if and only if ! k converges to zero, if lim k3I 2! k m j k j j j 2 for 1 j n, and if there is an k 0 such that ! k m j k ! 0 for all k ! k 0 and all j (which is of course only relevant if j 0 for some j). Remark 1.19. I don't know in general how to express the criterion in (iii) directly in terms of ' k Y ! k and 'Y . Clearly, the criterion implies that
Proof. Consider more general than f 'Y! functionals f hY! , h P s Ã , ! T 0, given by f hY! AY zY t hA !t X Those functionals are fixed by S, hence their S n N-orbit coincides with the N-orbit. A general element in N can be written as
Applying such an element to f hY! yields a functional f H on s n n, namely:
by (1.8) for some z H P C n which doesn't matter, hence
This shows that the S n N-orbit through f hY! is closed, and it puts in evidence that any functional f on s n n with f zn T 0 is S n N-or N-conjugate to an f hY! with uniquely determined h and ! (and w 0 ). If f is integrable then the corresponding f hY! is integrable as well, which means, as S Â ZN is the stabilizer of f hY! , that h is the differential of some ' P S . We conclude that the S n N-quasi-orbit through integrable functionals in general position are actually closed N-orbits, and that the set of those quasi-orbits can be parametrized by S Â R Â as claimed in the proposition. Concerning the topology claim (i) is clear in view of (1.16). To see that S Â R Â carries the product topology take a sequence
. This is equivalent to the existence of a sequence w k P C n such that the sequence f
Similarly claim (iii) follows from the description of the N-orbits through
Concerning claim (iv) suppose first that the convergence criterion is satisfied. We wish to apply (iii), and thus we have to specify a sequence w k in C n as there.
if j 0, and w
It is trivial to check that the criterion of (iii) is satisfied, one even has
For the other implication we apply (iii) once more, and find a sequence
It remains to consider that j 0 for some j. From the definition of 4
j k tends to zero and as
Part (v) of Lemma 1.15 and our above arguments also give a description of the space of N-orbits in g Ã int . Let be the disjoint union of U Â R Â and U Â NaZN . Define a (non-Hausdorff) topology on by requiring that
Â is open in , and that W 4 3Y , 4 b 0, is a neighborhood basis of 3Y P U Â NaZN where W 4 3Y is the union of the set of all pairs 3Y " P U Â NaZN such that j" j À j j`4 for 1 j n if dz sm n j1 j z j and d"z sm n j1 " j z j for z P C n , and of the set of all pairs 1 j n where dz sm n j1 j z j for z P C n , and where m j k is defined by the equation In this section we describe all irreducible unitary representations of the full diamond group G U n N up to unitary equivalence. In contrast to more general diamond groups the full diamond group is of type I. It turns out that the unitary dual G is homeomorphic to the G-orbit space g Ã int aG. In order not to interrupt the discussion at a later point we start with a lemma on one of the Bessel functions, which will be the basic analytic tool for proving the result on the dual topology. Recall that the Bessel function J 0 has the power series expansion
Lemma 2.1. For a sequence a k of positive real numbers converging to zero and for a sequence m k of nonnegative integers form the (even) real polynomial functions
(1) If 2a k m k converges to b 2 for some b b 0 then È k converges uniformly on compacta to the function x U 3 J 0 bx.
(2) If a k m k converges to I then È k does not converge uniformly on compacta.
(3) If a k m k converges to zero then È k converges to 1 uniformly on compacta. 
The absolute value of the second summand is less than 4 for jxj R. The first summand converges uniformly in jxj R to
because m k tends to infinity; and this is the M th partial sum of the power series expansion of x U 3 J 0 bx. Again the absolute value of the rest of the latter series is estimated by 4 in jxj R.
In the second case put a
and form also the È-functions to the parameters a H k and m k , i.e.,
As we have seen in the first case the sequence É k converges to J 0 uniformly on compacta. For each x put x k x b k
, which converges to zero by assumption. Furthermore, one has
for all x P R. If È k would converge uniformly on compacta to È I , say, then for each x the sequence È k x k É k x would converge to È I 0 J 0 x, which is impossible.
In the third case we may assume 0 b k 1. Let again 4Y R b 0 be given, and choose M P N such that
For all x one has
If jxj R the second summand is smaller than 4 while the first one tends to zero uniformly as b k converges to zero.
The irreducible unitary representations of G are divided into two classes, into those % with %1Y 0Y t e i !t sd for some ! P R Â and all 1Y 0Y t P ZG, and into those which are trivial on ZG. By Mackey analysis the latter ones can be parametrized by 3Y P U Â NaZN as follows, compare also
for s P U, z P C n , t P R, u P UaU and $ P L 2 UaU , where P NaZN is viewed as a unitary character on C n . Two such representations % 3Y and % 3 H Y H are unitarily equivalent if and only if 3Y $ 3 H Y H for the equivalence relation $ defined in (1.11), which in the case at hand coincides with $ c of (1.16). To an equivalence class through 3Y corresponds by (1.18) a Gorbit in g Ã int , and clearly % 3Y is nothing but the representation attached to this orbit.
To describe the representations in general position we first recall the complex realization of the infinite-dimensional representations of the Heisenberg group, compare e.g. [9] , even though our notations differ from those used there. The main difference is that all our representations are realized in spaces of holomorphic functions, never do antiholomorphic functions appear. This is to reflect that the general procedure of``holomorphic induction'', as created in [1] and described in book form in [2] , always leads to conditions of holomorphy. On the other hand we do not deal with general positive polarizations subordinate to arbitrary functionals, but rather work with functionals adapted to the chosen``coordinate system'' which in particular means that those are stabilized by U in the fixed, but not canonical decomposition G U n N.
For real ! T 0 let p ! be the Hilbert space of all entire functions $ X C n 3 C with
and by
where sw P C n NaZN has the obvious meaning. For each pair 3Y !, 3 P U , ! T 0 define a representation % 3Y! of G U n N in p ! by % 3Y! j N % ! and % 3Y! sY 0Y 0 3sK ! s for s P U. It is easy to see that % 3Y! is well-defined. Explicitly, one has % 3Y! sY zY t$w 3se
Each irreducible unitary representation of G which restricts to e i !t on ZG with ! T 0 is unitarily equivalent to % 3Y! for a uniquely determined 3 P U . Moreover, to the pair 3Y ! corresponds a certain orbit in g Ã int in the sense of (1.18), and the representation (class) attached to this orbit by the general procedure is just % 3Y! . Altogether we obtain a bijection from the homeomorphic (by definition) spaces U Â NaZN a $ U Â R Â and g Ã int aG onto the unitary dual G .
Theorem 2.6. The above bijection is a homeomorphism, i.e., G is home- 
defined in front of (1.21) the theorem may be reformulated as follows. The map 3 G defined by assigning to 3Y " P , i.e., 0 T " P R or " P NaZN , the unitary equivalence class of % 3Y" is open, continuous and onto.
Proof. The homeomorphy of GaZN with U Â NaZN a $ follows from [22] and [17, Theorem 3.3 and the remarks in front of Theorem 3.7] . The homeomorphy of the open subset G n GaZN with U Â R Â is equally easy. Suppose for instance that % 3 k Y! k converges to % 3Y! , ! T 0. Restricting to ZN yields that ! k converges to !. Next observe that the group R of positive real numbers acts by dilations r , r sY zY t sY rzY r 2 t, continuously and automorphically on G, hence R Y G is a topological transformation group. As ! k converges to ! the sequence r k X ! ! k 1 2 converges to 1. Therefore, the sequence of representations % 3 k Y! k r k converges to % 3Y! as k tends to infinity. And it is easy to see that % 3 k Y! k r k is unitarily equivalent to % 3 k Y! , hence % 3 k Y! tends to % 3Y! as k goes to infinity. But the set of representations lying over a fixed ! T 0 is homeomorphic to U , cf. also Remark 3.9. Therefore, the sequence 3 k converges to 3, which in the case at hand even means 3 k 3 eventually.
To see the continuity of G 3 g Ã int aG it now suffices to show that the criterion of the theorem is satisfied if the sequence % 3 k Y! k converges to % 3Y! . It even suffices to show that there exists a subsequence satisfying the criterion. Moreover, taking tensor products with 3 À1 we may suppose that 3 is the trivial character. Clearly, restricting % 3 k Y! k to ZN shows that ! k must converge to zero. Passing to a subsequence we may suppose that all ! k have the same sign. In the following we shall only treat the case that all ! k are negative, and put a k X À! k . The assumption that % 3 k Y! k converges to % 3Y % 1Y means that for each matrix coefficient 9 of % 1Y , 9y h% 1Y y$Y $i where $ is a unit vector in the space L 2 UaU of % 1Y , there exists a sequence $ k of unit vectors in p ! k such that 9 k , 9 k y X h% 3 k Y! k y$ k Y $ k i, converges on G uniformly on compacta to 9 as k tends to infinity. Next we specify $ to be the constant 1 and compute 9. Thus we obtain the result
In particular we see that 9 is invariant under left and right translations with elements in U, which is not too surprising as $ is fixed by % 1Y U. If the above matrix coefficients 9 k converge to 9 uniformly on compacta then also their two-sided averages 9 k , 9 k y U U 9 k uyvdu dv will do so. But as
we may assume from the beginning that $ k is fixed by % 3 k Y! k U. (the norm of $ k might be less than one, but as 9 k e converges to 1, one can renormalize for all sufficiently large k, hence w.o.l.g. for all k as we are free to pass to subsequences.) This implies already a restriction on the sequence 3 k Y ! k because not all representations in general position do contain U-fixed vectors. Actually the U-eigenvectors for the various % 3Y! in p ! are precisely the monomials, and the corresponding eigencharacters for a given % 3Y! form a``discrete cone'' in U :
The only chance to get a U-fixed vector is to choose q j k X Àm j k . As q j k has to be nonnegative the convergence of % 3 k Y! k forces m j k 0 which together with ! k`0 yields ! k m j k ! 0 as desired. Furthermore, the matrix coefficient 9 k is given by
with some positive constant c k , which is determined by 9 k e 1. Next we compute this matrix coefficient 9 k .
By the U-invariance one has up to a constant factor. For the matrix coefficient 9 k we find the result (1), (2), (3) of Lemma 2.1 occurs for each j. Since we know that 9 k converges uniformly on compacta we conclude from (2.1) that the limit b j X lim k3I 2! k m j k 1 2 is finite for all j and that 9 k converges to the function it suffices to show that % 3 k Y! k converges to % 3Y if the criterion of the theorem is fulfilled. Again this task can be reduced to 3 1. To prove the claimed convergence one has to construct unit vectors $ and $ k in the spaces of % 3Y! and % 3 k Y! k , respectively, such that 9 k converges to 9 where 9 k and 9 denote the corresponding matrix coefficients. Clearly, one takes the above considered vectors, and proves that 9 k converges to 9 by applying Lemma 2.1 directly.
x 3. The Primitive Ideal Space of General Diamond Groups
Using the results of the previous sections we shall now determine the dual topology of general diamond groups S n N. More generally, we also allow that another second countable locally compact abelian group B acts by multiplication with characters on S n N, we assume a continuous homomorphism
Such an gives rise to an action E of B on L 1 S n N, namely
for b P B, s P S, x P N and 9 P L 1 S n N, and we may form the associated covariance algebra
where means the projective tensor product, i.e.,
where X S 3 U is as in (1.4) .
The map
is an isometric Ã-isomorphism as it is easily checked. Therefore, also the C Ã -hulls C Ã BY C Ã S n NY E and C Ã SY C Ã N C Ã BY T are isomorphic. One step more general we shall investigate C Ã -covariance algebras C Ã SY C Ã N bY T where b is an arbitrary separable commutative C Ã -algebra, and S acts diagonally on C Ã N b, like a diamond group on the first factor and arbitrarily on the second, i.e.,
s , is any given strongly continuous action of S by isometric Ã-isomorphisms. We just remark that it is not necessary to go to the C Ã -hulls. With some additional effort one can show that all our results in the previous and in the following sections remain true if we stay with L 1 -covariance algebras and if instead of a separable commutative C Ã -algebra b we consider a separable commutative symmetric regular Banach Ã-algebra b with a bounded approximate identity. A little more precisely, all the L 1 -versions of the C Ã -algebras we are going to investigate are Ã-regular in the sense of [3] , i.e., their spaces of kernels of irreducible involutive representations endowed with the Jacobson topology are homeomorphic to the primitive ideal space of their C Ã -completions. And for the algebra we studied already, namely L 1 U n N, this is equally true because clearly U n N has a polynomially growing Haar measure, see [3] .
Next we write down a collection of irreducible involutive representations unitary representations of diamond groupsof C Ã SY C Ã N bY T which exhausts the dual up to weak equivalence. As ZN is central in our algebra or, more rigorously, as point measures at elements in ZN yield central elements in the corresponding adjoint (or multiplier) algebra, again we distinguish between the representations which are trivial on ZN and those which are equal to a non-trivial unitary character 0Y t U 3 e i !t for 0Y t P ZN & N C n Â R. Representations of the first type can be considered as representations of C Ã SY C Ã NaZN bY T . As C Ã NaZN b is commutative the results of [17, 22] apply. First we observe that S acts on the structure space b of b by sb b s . The structure space of C Ã NaZN can be identified with the Pontrjagin dual NaZN , f NaZN f xxdx for f P L 1 NaZN and P NaZN , and S acts on NaZN by sx s À1 x. Clearly, the structure space of C Ã NaZN b can be identified with NaZN Â b , and S acts diagonally on this product.
For ' P S , P NaZN and P b define a representation % 'YY in L 2 SaS S , where S S of course denotes the common stabilizer of and in S, by a covariance pair % 
for $ P L 2 SaS S , t P SaS S . The kernels of those representations exhaust riv SY C Ã NaZN bY T , and one has ker
In this way be obtain an open equivalence relation $ on S Â NaZN Â b , and riv SY C Ã NaZN bY T is homeomorphic to the quotient space S Â NaZN Â b a $. The representations of the second type lying over a fixed chosen non-zero ! can be considered as representations of
Ài !t for all z P C n , tY t H P R and 
for s P S, A P up ! , where K ! is as in (2.4) . Using this group s U 3 K ! s of unitary operators one can show that C Ã SY C Ã N ! bY T is isomorphic to up ! C Ã SY bY T . Therefore, the space of primitive ideals in C Ã SY C Ã N bY T lying over ! is homeomorphic to riv SY bY T which is homeomorphic to S Â b a $ where
In that way we get all irreducible representation of the second type up to weak equivalence, and this parametrization is also topologically alright: 
Proof. Most things are clear in view of the former considerations. The only new item is the claimed homeomorphy. As in the proof of Theorem 2.6 we use that the group R of positive real numbers acts by dilations on
This action extends to a strongly continuous action of R by Ã-automorph-
Thus we are reduced to ! k !. But in this case the above consideration on the isomorphy of C Ã SY C Ã N ! bY T with up ! C Ã SY bY T applies, and shows that the equivalence classes through ' k Y k converge to the equivalence class through 'Y . This proves one part of the homeomorphy, the other one can be done along the same line.
Just we remark that there is even a global picture: The ideal i X P,
where u denotes the algebra of compact operators on a separable Hilbert space.
In summary, we know the topology of the closed subspace riv SY C Ã NaZN bY T of riv SY C Ã N bY T and of its open complement. To know the whole topology we need a criterion to decide which sequences in the open set converge to points in the closed subset. To this end, we introduce an auxiliary C Ã -algebra with the same spectrum, which will also lead to another parametrization.
We let U Â S act on C Ã N b by
By Takai duality, see [20] , the covariance algebra
The advantage of this simple transformation of variables is that C Ã S Â UY C Ã N bY R is isomorphic to the tensor product of C Ã U n N with C Ã SY bY T , whose spectra we know. Clearly we have to study how the representations of C Ã SY C Ã N bY T are transformed. Let ( be a representation of the latter algebra given by a covariance pair ( 1 Y ( 2 in some Hilbert space r. Takai duality yields a corresponding representation "
H2 where "
H0
and " H1 are unitary representations of U and U Â S, respectively, and "
H2
is an involutive representation of C Ã N b, namely
H2 yields a representation of C Ã U Â SY C Ã N bY R H which together with " H0 forms a covariance pair for the whole algebra; the latter pair gives " H . Transforming along A leads to a representation " of C Ã U Y C Ã S Â UY C Ã N bY RY E which similarily is given by a triple " 0 , " 1 , " 2 , namely
for $ P L 2 UY r. Knowing the set riv SY C Ã N bY T we also know the set riv U Y C Ã S Â UY C Ã N bY RY E, but there is a more natural and useful parametrization of the latter set which we describe next. Again we distinguish the irreducible representations/primitive ideals according to their behaviour on ZN. The algebra C Ã U Y C Ã S Â UY C Ã NaZN bY RY E is of the type studied in [17, Proposition 3.5] . Its primitive ideal space is parametrized by
in the space L 2 S Â UaF where the subgroup F consists of all pairs sY s with s P S 0 and s P U 0 , i.e., s is in the stabilizer of 0 Y 0 with respect to the original action of S on C Ã N b , namely
The equation
which by [17, Proposition 3.5] can be described as follows. Let
which means that the stabilizer of uY Y P U Â NaZN Â b in S Â U consists of all s H Y s H P S Â U with s H P S and s H P U . Then 
H for all s H P S with s H P U . Using the compactness of U it is not hard to see that the condition on the closures of the S Â U-orbits can be rephrased by saying that the S-quasiorbits through u 0 u À1 Á Y and 0 Y 0 for the original S-action coincide, i.e.,
From the structure of the action E and the known representation theory of 
if and only if ! ! 0 , S À S 0 À and 3 0 ' 0 j S 3'j S where X U 3 S denotes the dual homomorphism, 3s 3s. In (3.15/16) we described the general procedure to assign to representations of 
e, essentially the L 2 -Fourier transform, provides us with a unitary equivalence.
On the level of parameters we find the corresponding picture.
for the various equivalence relations compare (3.6/9/20/23).
This should be the case in view of Takai duality, and it can be verified directly. From this fact we conclude:
What we have achieved is an evidently more complicated picture of riv SY C Ã N bY T . But the pay is twofold. First the primitive ideals in general position are induced from an algebra with known spectrum. Secondly the two pieces
where U Â R Â U Â NaZN is equipped with the topology given in front of (1.21).
Theorem 3.32. The map 
bY RY E where the equivalence relation $ on the two pieces is given by (3.20/23).
in the sense of Proposition 1.18 or such that ed Ã xf J3Y with 3Y P U Â NaZN in the sense of Lemma 1.15.
iv depending on whether f j zn T 0 or f j zn 0.
The equivalence relation % defined by È can be described as follows. Introduce a group multiplication on U Â S Â G Â T by
1 s 1 Y where u 1 denotes the U-component of y 1 P G U n N. This group acts on via
where u 0 y 0 mod N, and by the same formula on each quotient of of the (3.20) of $ is here more convenient than the modified form (3.21) . With this information at hand it is not hard to write down a formal proof using in addition Lemma 1.15 and that elements of the form f 3Y! are fixed by U.
The equivalence relation % is even more pleasant in the``group case'', by which we mean that b is the C Ã -algebra of a second countable locally compact abelian group B and S acts on
where is the dual of a continuous homomorphism X B 3 S , compare (3.2). Then there is an``orbit picture'', the equivalence classes are quasi-orbits of the auxiliary group H which as a space is U Â S Â G Â B Â T, and the multiplication is defined by
Here our object of study
Ã H sd which is the C Ã -completion of the convolution algebra consisting of all measurable functions 9 X H 3 C with 9xa 9xa for all x P H, a P T and
HaT j9xjd x`I. The group H acts by conjugation on itself via
where u y, u 0 y 0 mod N, and accordingly on its``linear dual''
The space for the present case is nothing but h Ã .
Corollary 3.36. If b C Ã B for a second countable locally compact abelian group B, and if S acts on b according to (3.2) then the equivalence classes of the relation % of Corollary 3.33 are precisely the H-quasi-orbits in the above H-space h Ã , hence riv U Y C Ã S Â UY C Ã N Â BY RY E is homeomorphic to the H-quasi-orbit space h Ã aH.
Proof. This corollary follows immediately from (3.33) by observing that the S-action on b B is given by s Á s, whence all the stabilizers S coincide with ker , and that the closure of B in S is nothing but ker c S c SaS & S .
We conclude this section by returning to the original algebra C Ã SY C Ã N bY T . Having in mind the topological space we introduce a (non Hausdorff) topology on the disjoint union of S Â R Â and S Â NaZN , which should not be confused with the topology introduced in Proposition 1.18 on a similar set. Actually, comparing these two topologies may be regarded as a Remark 4.11. In the present case the group S n N is of type I, hence riv S n N can be identified with the unitary dual S n N .
Remark 4.12. When I was talking on this subject at the 1994 Oberwolfach conference on Harmonic Analysis I was kindly informed by E. O'Brien that precisely such a condition on cones as in 4.10 appeared in her study of a certaiǹ`s aturation property'' of (irreducible) finite-dimensional representations of complex semisimple Lie algebras. In her corresponding article, [16] , such cones were called``normal''. Interesting enough, this saturation property is closely related to the computation of K-groups of fixed point algebras under the action of compact groups on approximately finite C Ã À algebras, done by D. Handelman and W. Rossmann; for references see [16] . 
